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1. Introduction

By a pair of operators we mean a finite sequence of length two of commuting continuous linear
operators on a Banach space X.

Definition 1.1. Let T' = (T1,7>) be a pair of operators acting on an infinite dimensional Banach
space X. We will let

Fr={T\""Ty* . k; >0, i=1,2}
be the semigroup generated by 7. For x € X, the orbit of x under the tuple T is the set
Orb(T,z) ={Sx: S € Fr}.

A vector z is called a hypercyclic vector for T if Orb(T, z) is dense in X and in this case the tuple
T is called hypercyclic. Also, a vector z is called a supercyclic vector for T if COrb(T, x) is dense

in X and in this case the tuple T is called supercyclic. By Ték) we will refer to the set of all k
copies of an element of Fr, i.e.

T® = {S1@..® 8 : S =...= 5 € Fr}.
For any k > 2, we say that T{gk) is hypercyclic provided there exist x1, ...,z € X such that
(W @..@xp): WeTHy

is dense in the k copies of X, X & ... & X, and similarly we say that T ék) is supercyclic provided
there exist x1, ...,z € X such that

C{WE1®..0x): W e Ték)}
is dense in the k copies of X.

Salas has shown that there are supercyclic operators on Banach spaces that do not satisfy the
Supercyclicity Criterion. Recall that every operator that it’s adjoint has no eigenvalue, does not
satisfy the Supercyclicity Criterion. For some other topics we refer to [1-9].

2. Main results

In the present paper we characterize tuple of operators satisfying the Supercyclicity Criterion
in terms of open subsets. We will use SC(T') for the collection of supercyclic vectors for a pair of
operator T'.
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THEOREM 2.1. Let X be a separable infinite dimensional Banach space and T = (T1,T3) be a
pair of operators Ty, To. Then T is supercyclic, if and only if for any two non-void open sets U
and V', there exist m,n > 1 and A € C\{0} such that XIT"T3(U) NV # (.

PROOF. see[6]. O

THEOREM 2.2. (The Supercyclicity Criterion for tuples). Suppose X is a separable infinite
dimensional Banach space and T = (T1,T5) is a pair of continuous linear mappings on X . Suppose
there exist two dense subsets Y and Z in X, and a pair of strictly increasing sequences {my} and
{nr} and a sequence of mappings Sy : Z — X such that:

1) T/ T3* Skz — 2z for every z € Z,

2) 1T T3 % y|| ||Skz|| — O for every y € Y and every z € Z.

Then T is supercyclic.

PROOF. see[6]. O

If a pair T satisfies the hypothesis of Theorem 2.2, we say that T satisfies the Supercyclicity
Criterion.

THEOREM 2.3. Let X be a separable infinite dimensional Banach space and T = (T1,T3) be a
pair of operators Ty, To. Then the followings are equivalent:
1) T = (T, Ts) satisfies the Supercyclicity Criterion.
it) T = (T1,Ts) is supercyclic and for each non-void open subset U and each neighborhood W
of zero,
NIy " (W)NU # 0
and
AT ™M (U)YNW A0

for some integers m,n > 1 and A € C\{0}.
iii) For each pair U and V' of non-void open subsets of X, and each neighborhood W of zero,

N7, "(W)NU # 0

and
N, "(VYNW £ 0
for some integers m,n > 1 and X € C\{0}.

PRrROOF. Let T satisfies the Supercyclicity Criterion. We will show that Tc§2) is supercyclic
from which it is easy to see that (ii) holds. For this note that since T satisfies the Supercyclicity
Criterion, thus there exist two dense subsets Y and Z in H, a pair of sequences {ny} and {n;} of
positive integers, and also there exist a sequence of mappings Sy : Z — X such that:

1) T{"*T3* Sz — z for every z € Z,

2) || Ty T5™*y|| ||Skz|| — 0 for every y € Y and every z € Z.

Now let Y be the set of all sequences (yn), € ®52,Y such that y, = 0 for all but finitely many
n € N. Similarly let Z be the set of all sequences (z,), € ®2,Z such that z, = 0 for all but
finitely many n € N. Put S}, = @52, S, and consider it acting on Z. Then both Y and Z are dense
in @72, X and clearly the hypotheses of the Supercyclicity Criterion are satisfied. Thus Téoo) is

supercyclic on @52, X from which we can conclude that clearly Tf) is supercyclic on X @& X.
Now suppose that T satisfies the condition (ii), U and V are non-void open subsets of X and
W is a neighborhood of zero. Since T is supercyclic, hence by Theorem 2.1,

UNaTy™T; "V 410
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for some positive integers m,n and o € C\{0}. Let G be a neighborhood of zero that is contained
in WN T, ™Ty "W. By condition (ii), there exist some positive integers i, j and A € C\{0} such
that o
ML, 7GN(UNTy ™, "V) # 0
and o
GNAT'LL,7(UNTy ™I, V) # 0.
But o
ML, 'Gn(UNTy ™, "V)
is a subset of AT; T, /W N U, hence
ATV T W N U # 0.
Also, A
GNNI'TL,?(UNTy ™, V)
is a subset of
Ty "W AN Ty (T ™ Ty V) = T ™ Ty ™ (W AT T, V),
thus o
MNPV W £
which satisfies the condition(iii).

Now, we prove that (iii) implies (i). First we prove that Tf) is supercyclic. For this consider
four arbitrary open subset U; and V; for i = 1,2. There exist open subsets U; and V; for i = 1,2
and a neighborhood Wy of zero such that:

Uit Wo CUz Vit WoC Vi i=1,2.

Note that condition (iii) implies that T is supercyclic. Hence, there exist positive integers p1, g1, P2, G2
and A1, Ay € C\{0} such that:

Gy =Uy NI Ty IV, # 0
and

Gao = Us N XTy 72Ty 2V, # 0.
Put

W =WoNnT; T, "W N T 1W,.
Now by condition (iii) there are integers m,n and A € C\{0} satisfying:
MNT7TSGINW £
and
NPT W N Ge # 0.
Choose the vectors xg and yg in X such that
Xo € Ul, )\TIPITquiCO € Vl, )\T{WTQRI'O ew
and ~ .
Yo € W, XTI Ty € Uy, Mo P2 T 20 € V.

Put x = x¢ + yo and

Yy = AlelTqul'o + )\2T1p2T2q2y0‘
Then x ®y € U; & V5 and

MNITTy @ TP TS (x @ y) € Us @ Va.

So Téz) is supercyclic. Now let (z,y) be a supercyclic vector for Tf). In particular z and y are
supercyclic vectors for T. For all k € N, put U, = B(0, %) Then there exist my, niy € N and
Ar € C such that

Ae(TP T3 @ T T3 ) (w,y) € Uk @ (2 + Ug).
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Thus A\, Ty 15" 2 € Uy, and
M TR Ty € @+ Uy,

for all k£ € N. This implies that A\yT{"*T5* 2 — 0 and

M TR Ty — .
Let Y = Z = COrb(T, x) which is dense in X. Also for all k € NJA € C and 4,5 € N define

S (\TiTYx) = M TiTy
Note that o o
T T3 S (N Ty ) = AT T (AT Ty y)

which tends to NT¥T}z as k — oo. So T Ti*Sy.z — z for all z € Z. Also for all \,w € C and
m,n,t,j € N we have

1T T3 AT T3 ||Sk(wTiT )|
AL w [ (T3 (T T3 )| AT T3y
ALl AT T T T ]| (1T T3yl

IN

Since |Ag| ||T7™* T5* || — 0, hence
|77 Ty AT Ty )| || Sk (wT T3 )| — 0
as k — oo. Thus for all y € Y and z € Z, we get
Ty Ty || [[Skzl| — 0
and so T satisfies the Supercyclicity Criterion. This completes the proof. [J
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